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Abstract  
Dirac metals (gapless semi-conductors) are believed to turn into Weyl metals when perturbations, 
which break either time reversal symmetry or inversion symmetry, are employed. However, no 
experimental evidence has been reported for the existence of Weyl fermions in three dimensions. 
Applying magnetic fields near the topological phase transition from a topological insulator to a band 
insulator in xxSbBi −1 , we observe not only the weak anti-localization phenomenon in 
magnetoconductivity near zero magnetic fields (B < 0.4 T) but also its upturn above 0.4 T only for E // 
B. This “incompatible” coexistence between weak anti-localization and “negative” magnetoresistivity 
is attributed to the Adler-Bell-Jackiw anomaly (“topological” BE ⋅  term) in the presence of weak 
anti-localization corrections. 
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Introduction 
 It is rare to observe Weyl fermions in three dimensional condensed matter systems. Graphene 
may be one of the well-studied systems as a two-dimensional Weyl metallic state, where two types of 
Weyl fermions with opposite chirality appear at separate momenta [1]. However, no experimental 
evidence has been reported for the Weyl metallic phase in three dimensions, where they are combined 
more often to form Dirac fermions. Rigorously speaking, this phenomenon is attributed to the fact that 
the Dirac spinor is the irreducible representation of the Lorentz group in three dimensions while it is 
the Weyl spinor in two dimensions [2]. Recently, it has been shown that such a Weyl metallic phase 
must exist near the topological phase transition from a band insulator to a topological insulator in three 
dimensions when either time reversal symmetry or inversion symmetry is not preserved at the critical 
point [3-7]. Actually, the emergence of Weyl fermions has been claimed long before when magnetic 
fields are applied to gapless semi-conductors (Dirac metals) [9,10]. A Dirac point is separated into two 
Weyl points with opposite chirality in momentum space, where their distance is proportional to the 
applied magnetic field.  
 The characteristic feature of a Weyl metallic phase is that a Weyl fermion state at one Weyl 
point must transfer to that at the other Weyl point when currents are driven in the same direction as the 
momentum to connect two paired Weyl points. This phenomenon is referred to as the Adler-Bell-
Jackiw anomaly, which means that the chiral current is not conserved [9,10]. This nonlocal (in 
momentum space), more accurately, topological “constraint” has been suggested to cause anomalous 
magneto-transport phenomena in three dimensional Weyl metals, that is, “negative” magnetoresistivity 
(MR) when the applied electric field is parallel to the magnetic field. This anomalous longitudinal MR 
was shown to arise from the suppression of scattering between two Weyl points as the magnetic fields 
are enhanced [8,11]. Unfortunately, this Weyl metallic phase has not been confirmed experimentally. 
In particular, the “negative” MR (or “positive” magnetoconductivity-MC) has not been observed yet. 
 In this letter we claim that Weyl fermions appear in xxSbBi −1 near the critical point of the 
topological phase transition when magnetic fields are applied. The global phase diagram of xxSbBi −1  
is well known [12-14] (Fig. 1(a)). A topological phase transition from a band insulator to a topological 
insulator occurs at %3≈x , where massless Dirac fermions appear near the L point. Therefore, 
xxSbBi −1  at %3≈x  is identified as a Dirac metal. Applying magnetic fields near this critical point, it 
is natural to expect the emergence of a Weyl metal phase, where the single Dirac point splits into two 
Weyl points with opposite chirality. We verify the emergence of the Weyl metallic phase by 
measuring the angle dependence of MR, where the angle corresponds to that between applied 
magnetic and electric fields. In particular, we observe not only the weak anti-localization near zero 
 
 
 
 
 
 
magnetic fields (B < 0.4 T) but also an upturn of or increasing MC above 0.4 T only when both 
magnetic and electric fields are applied in the same direction. The coexistence between weak anti-
localization and “negative” MR is remarkable. The experimental observation of weak anti-localization 
corrections is common for systems with strong spin-orbit interactions [15-19]. On the other hand, 
negative MR results from either weak localization or interaction corrections with diffusive dynamics 
(diffusive Fermi liquids) [20]. In addition, it can appear when magnetic fluctuations are suppressed via 
magnetic fields, and thus the corresponding scattering rate decreases [21]. Considering the fact that 
conventional calculations based on density functional theory describe the band structure of xxSbBi −1  
quite well [12,13], such interaction effects cannot be the physical origin for the “negative” MR. Then, 
their coexistence is difficult to understand within the perturbation framework for both nonmagnetic 
randomness and weak interactions in the presence of spin-orbit scattering. 
 We attribute the underlying mechanism for the upturn of MC to the Adler-Bell-Jackiw anomaly 
in the presence of weak anti-localization corrections, comparing experimental data with theoretical 
results from the quantum Boltzmann equation approach with the introduction of the topological BE ⋅  
term [22]. In the “longitudinal” magneto-transport configuration where the electric field is parallel to 
the magnetic field, the dynamics of Weyl fermions is topologically constrained by the topological 
BE ⋅  term [8,11]. As a result, the MC increases above a critical magnetic field associated with the 
weak anti-localization. In contrast, only weak anti-localization corrections to the MC were found in 
the conventional “transverse” magneto-transport measurements, where the magnetic and electric fields 
were applied in the z and x directions, respectively. This paper suggests the unexpected coexistence 
of weak anti-localization and the upturn of “longitudinal” MC as the fingerprints of Weyl fermions in 
three dimensions, which arise from the topological BE ⋅  term or the Adler-Bell-Jackiw anomaly. 
  
Experiments and analysis 
 Figure 1(b) presents a schematic diagram of the experiments for measuring the electrical 
transport coefficients, ( )γαβρ B , which are defined by the equation, ( ) βγαβα ρ JBE = , where βJ  is an 
electric current of the β  direction under a magnetic field γB  in the γ  direction and αE  is the induced 
electric field in the α direction. In these experiments, six different field-contact-current configurations 
were employed, where the currents were set to flow along the x direction, voltage contacts were 
located either on the x (MR configuration) or y axis (Hall configuration), and magnetic fields were 
applied along all three directions. ( )zxx Bρ  and ( )zyx Bρ , which are called transverse MR and 
transverse Hall resistivity, respectively, are regarded as a conventional setup, where the currents and 
 
 
 
 
 
 
magnetic fields are orthogonal to each other in the out-of-plane. ( )xxx Bρ  and ( )xyx Bρ  are 
longitudinal MR and longitudinal Hall resistivity, respectively, where the currents and magnetic fields 
are parallel to each other. ( )yxx Bρ  and ( )yyx Bρ  are unconventional transverse MR and 
unconventional transverse Hall resistivity, respectively, where the currents and magnetic fields are 
orthogonal to each other but in plane. The unconventional transverse MR of ( )yxx Bρ  in Fig. 1(b)-(5) 
gives rise to similar results to the transverse MR of ( )zxx Bρ  in Fig. 1(b)-(1), provided the band 
anisotropy is not too large. In this study we focus on ( )zxx Bρ  in Fig. 1(b)-(1) and ( )xxx Bρ  in Fig. 
1(b)-(3) and leave the role of the BE ⋅  term in ( )xyx Bρ  in Fig. 1(b)-(4) and ( )yyx Bρ  in Fig. 1(b)-(6) 
as an important future work.  
 Figure 2 shows the angle-dependent MR for the configuration, as shown in the schematic 
diagram, where the configurations for θ=0° and 90° were used to measure the transverse [Fig. 1(b)-(1)] 
and longitudinal [Fig. 1(b)-(3)] MRs, respectively. All the MR data showed a narrow dip below 0.4 T. 
These dips are similar to those observed in graphene [16,17] and thin films of three-dimensional 
topological insulators [18,19], which were attributed to weak anti-localization. On the other hand, an 
important difference was observed between the previous studies and the present measurements; the 
weak anti-localization in the data is due to three-dimensional Dirac fermions instead of two-
dimensional ones. It is noted that %3≈x corresponds to the critical point, where three-dimensional 
Dirac fermions appear. One way to confirm the three-dimensionality is to determine if the scaling 
property is satisfied for different angles. If the dynamics of Dirac fermions is two dimensional, only 
the magnetic field perpendicular to the plane for the dynamics of such Dirac fermions leads to 
cyclotron motions. This scaling behavior was not observed in Bi0.97Sb0.03, supporting the three-
dimensional nature of Dirac fermions (Fig. 2(b)). The MR data will be fitted to the three dimensional 
expression for weak anti-localization later. 
 Unexpected features were noted at higher magnetic fields, particularly for the longitudinal MR 
configuration of θ = 90°. When θ is near 0°, i.e. a conventional setup for transverse MR, the MR 
increased quadratically, indicating the dominance of orbital contributions. This standard behavior 
changed drastically when θ approached 90°, where the MR decreases considerably just after the dip up 
to B ~ 4 T. Above 4 T, MR increases again. As discussed before, this “negative” MR is difficult to 
understand within the perturbation framework incorporating both electronic (magnetic) correlations 
and nonmagnetic impurities in the presence of spin-orbit interactions. The decrease in longitudinal MR 
at relatively moderate magnetic fields above the region of weak anti-localization is attributed to the 
topologically constrained dynamics of Weyl fermions, which is given by the chiral anomaly. 
 
 
 
 
 
 
 Both ( )zxx Bρ  and ( )xxx Bρ  are derived based on the quantum Boltzmann equation approach 
with the introduction of the Adler-Bell-Jackiw anomaly via the semi-classical equations of motion 
[22,23]. Unfortunately, technical complexity of this methodology does not allow us to have an 
intuitive physical picture for anomalous behaviors in such transport coefficients. To make physics 
more apparent, we re-derive these anomalous transport coefficients based on the semi-classical 
equations of motion only. This approach is essentially the same as the equation of motion with the 
Lorentz force for the Hall effect in the elementary solid-state physics except for the introduction of the 
topological BE ⋅  term and the contribution of the Berry curvature. All details are discussed in the 
supplementary material [23] and a recent paper [22]. 
 Disappearance of Weyl fermions with – chirality gives rise to the production of those with +, 
where this dissipationless transfer is equilibrated by several scattering processes to reach a steady state. 
The Adler-Bell-Jackiw anomaly and possible scattering channels are described by the semi-classical 
equation of motion for the momentum, , where τ is an 
effective mean-free time, determined by the intra-node and inter-node scattering times (node = Weyl 
point) [23]. Solving this equation of motion to obtain the momentum as a function of both electric and 
magnetic fields, we find the corresponding electrical current, 
, where the solution of the velocity was utilized from the 
other semi-classical equation of motion [23]. It is essential to notice that there are two additional 
contributions for electric currents other than the conventional term proportional to the momentum, 
nonzero only when the Berry curvature exists [24, 25]. 
 After several straightforward steps with the condition for the Hall effect, J y = 0, we find the 
expression of ( ) ( ) nWALWL BCB σσσ +⋅+= 21  for the longitudinal MC in the weak field region, 
essentially the same as that from the quantum Boltzmann equation approach, where WALσ  is the 
conductivity from weak anti-localization corrections associated with intra-node scattering and nσ  is 
that from conventional Fermi surface contributions other than the L-point “Dirac” cone [23]. The most 
important feature is that the longitudinal MC contains an overall factor of 2BCW with a positive 
constant CW, originating from the topological BE ⋅  term. Such a topological term turns out to cause 
an additional contribution for the momentum of the z-direction, driven by the x-directional electric 
field along with the x-directional magnetic field under the influence of Berry curvature [23]. 
Combined with the last term in the expression of the current, this contribution gives rise to the overall 
factor proportional to 2B , which enhances the longitudinal conductivity due to the momentum transfer 
 
 
 
 
 
 
proportional to the applied magnetic field. In contrast, the transverse MC is expressed by 
( ) nWALT B σσσ +=  without the anomaly contribution because the contribution from  BE ⋅  vanishes. 
WALσ and nσ  are additive because they originate from different bands [26]. Considering that nσ would 
be determined by residual charge carriers around the T point in momentum space, the conventional 
Fermi-liquid form, 20
1 BAn ⋅+=
− ρσ , is assumed, where the residual resistivity and the coefficient A 
are determined from the best fit. Recalling the scaling result for the angle dependence of MR, the 
three-dimensional weak anti-localization formula, given by 00 σσσσ +=+∆= BaWALWAL , where 
a  and 0σ  are also determined from the line of best fit, is used [27].  
 Figures 3(a) and 3(b) show the transverse MC ( )BTσ  and longitudinal MC ( )BLσ , 
respectively, where the black circles represent the experimental data and the red lines show the 
theoretical fitting based on the above equations. The essential features of the transverse MC, such as 
the sharp peak in the zero field region and the gradual decrease up to 1.2 T are reproduced quite well 
with parameters of a = -14.3 Ω-1·T-0.5, σ0 = 49.6 Ω-1, ρ0 = 4.15×10-2 Ω, and A = 21.8 Ω·T-2. We restrict 
the region of our fitting with -1.2 T < B < 1.2 T in order to compare this analysis with the case of the 
longitudinal MC, where this formula is derived in the weak field region. This successful fitting 
confirms that the origin of the sharp peak is the three dimensional weak anti-localization. Similarly, 
the peak in the zero field region and the upturn of the longitudinal MC are also reproduced well with a 
reasonable set of parameters of a = -20.6 Ω-1·T-0.5, σ0 = 36.6 Ω-1, ρ0 = 2.65×10-2 Ω, A = 7.3×10-3 Ω·T-2, 
and CW = 1.27 T-2. All parameters of a, σ0 and ρ0 have similar values for both the transverse and 
longitudinal MCs, whereas the value of A in the longitudinal MC is much smaller than that in the 
transverse MC. This is consistent with our expectation, where the coefficient of the 2B  term in the 
normal conductivity from the bands around the T point should vanish because there cannot be any 
orbital motion in the longitudinal MC setup. The upturn of the longitudinal MC above 0.4 T cannot be 
captured without the correction term of 2BCW , suggesting that the origin of this enhancement is 
purely topological, i.e. the chiral anomaly in the dynamics of Weyl fermions.  
 The positive component of the longitudinal MC disappears eventually at the critical magnetic 
field of B ~ 4 T and the MC decreases with increasing B above 4 T. This “reentrant” downturn of MC 
may be discussed based on the “pair-annihilation” scenario [23]. However, a cautious person may 
criticize that it is unrealistic to consider such paired Weyl points to move all over the whole Brillouin 
zone away from the L point, because the band gap is rather large for the wave vectors away from the L 
point. Although our experiments are in the semi-classical regime associated with the Adler-Bell-
Jackiw anomaly [24], it is difficult to exclude the possibility for the formation of Landau levels, 
 
 
 
 
 
 
increasing magnetic fields to reach the “intermediate” region of the reentrant downturn behavior. This 
problem on the crossover from the semi-classical regime to the quantum regime is beyond the scope of 
the present investigation, which needs to be examined more sincerely near future both experimentally 
and theoretically. 
 Finally, we remark two different regimes for the Adler-Bell-Jackiw anomaly. The present 
analysis of the semi-classical regime is justified when the chemical potential is much larger than the 
cyclotron frequency. On the other hand, the so called ultra-quantum limit is realized when both the 
chemical potential and temperature are less than the energy gap between the lowest and first Landau 
levels [8,11,28]. Since only chiral branches of the spectrum are occupied, dynamics of these electrons 
are essentially the same as that of one-dimensional chiral fermions, where intra-node scattering is 
prohibited [23]. As a result, the effect of the Adler-Bell-Jackiw anomaly becomes enhanced, where the 
longitudinal current can be relaxed by inter-node scattering only. In this ultra-quantum limit, the 
correction term of the longitudinal MC is linearly proportional to B due to one-dimensional chiral 
dynamics, distinguished from the case of the semi-classical regime [23]. All analysis based on the 
ultra-quantum limit failed to explain our experimental data consistently, indicating that Fermi levels of 
our samples are located far away from Weyl points [23]. Actually, the location of the chemical 
potential is consistent with our previous studies on anomalous transport phenomena [29,30]. 
 
Conclusion 
 Either time reversal or inversion symmetry breaking in three dimensional Dirac metals gives 
rise to Weyl metals, where the Dirac point described by the four-component Dirac spinor splits into 
two Weyl points described by the two-component Weyl spinors with opposite chirality. The dynamics 
of these Weyl fermions is constrained topologically when their currents are applied in the same 
direction as the momentum to connect the two Weyl points, referred to as the Adler-Bell-Jackiw 
anomaly and described by the topological BE ⋅  term. In the present study, the emergence of such 
Weyl fermions was confirmed from anomalous transport phenomena, applying magnetic fields near 
the topological phase transition from a band insulator to a topological insulator in xxSbBi −1 . In 
particular, the upturn behavior above 0.4 T in magnetoconductivity was observed only for B // E 
besides weak anti-localization phenomena near zero magnetic fields (B < 0.4 T). Both the quantum 
Boltzmann equation approach and the equation of motion approach with the introduction of the 
topological BE ⋅  term were used to derive a general expression for the longitudinal 
magnetoconductivity in the presence of weak anti-localization corrections, which reproduced our 
experimental data consistently. 
 
 
 
 
 
 
 
Acknowledgements 
This study was supported by Basic Science Research Program through the National Research 
Foundation of Korea (NRF) funded by the Ministry of Education, Science, and Technology (No. 
2012-0007294 and No. 2012R1A1B3000550). KS appreciates sincere hospitality of APCTP. MS 
wishes to express his thanks to Prof. T. Iwata and K. Tomita for valuable discussions and their support. 
 
References 
[1] Geim, A. K. &. Novoselov, K. S. The rise of graphene, Nature Materials 6, 183 (2007). 
 
[2] Peskin, M. E. & Schroeder, D. V. An Introduction to Quantum Field Theory, Ch. 19 (Addison-
Wesley Pub-lishing Company, Seoul, 1997). 
 
[3] Murakami, S.  Phase transition between the quantum spin Hall and insulator phases in 3D: 
emergence of a topological gapless phase, New J. Phys. 9, 356 (2007). 
 
[4] Balents, L. Weyl electrons kiss, Physics 4, 36 (2011). 
 
[5] Burkov, A. A. & Balents, L. Weyl Semimetal in a Topological Insulator Multilayer, Phys. Rev. 
Lett. 107, 127205 (2011). 
 
[6] Burkov, A. A., Hook, M. D. & Balents, L. Topological nodal semimetals, Phys. Rev. B 84, 235126 
(2011). 
 
[7] Halász, G. B. & Balents, L. Time-reversal invariant realization of the Weyl semimetal phase, Phys. 
Rev. B 85, 035103 (2012). 
 
[8] Nielsen, H. B. & Ninomiya, M. The Adler-Bell-Jackiw anomaly and Weyl fermions in a crystal, 
Physics Letters 130B, 389 (1983). 
 
[9] Adler, S. Axial-Vector Vertex in Spinor Electrodynamics, Phys. Rev. 177, 2426 (1969). 
 
[10] Bell, J. S. & Jackiw, R. A PCAC puzzle: π0→γγ in the σ-model  II Nuovo Cimento 60A, 4 (1969). 
 
 
 
 
 
 
 
[11] Son, D. T. & Spivak, B. Z. Chiral Anomaly and Classical Negative Magnetoresistance of Weyl 
Metals, arXiv:1206.1627. 
 
[12] Fu, L. & Kane, C. L. Topological insulators with inversion symmetry, Phys. Rev. B 76, 045302 
(2007). 
 
[13] Teo, J. C. Y., Fu, L. & Kane, C. L. Surface states and topological invariants in three-dimensional 
topological insulators: Application to Bi1−xSbx, Phys. Rev. B 78, 045426 (2008). 
 
[14] Guo, H., Sugawara, K., Takayama, A., Souma, S., Sato, T., Satoh, N., Ohnishi, A., Kitaura, M., 
Sasaki, M., Xue, Q.-K. & Takahashi, T. Evolution of surface states in Bi1-xSbx alloys across the 
topological phase transition, Phys. Rev. B 83, 201104(R) (2011). 
 
[15] Koga, T., Nitta, J., Akazaki, T. & Takayanagi, H. Rashba Spin-Orbit Coupling Probed by the 
Weak Antilocalization Analysis in InAlAs/InGaAs/InAlAs Quantum Wells as a Function of Quantum 
Well Asymmetry, Phys. Rev. Lett. 89, 046801 (2002). 
 
[16] Wu, X., Li, X., Song, Z., Berger, C. & de Heer, W. A. Weak Antilocalization in Epitaxial 
Graphene: Evidence for Chiral Electrons, Phys. Rev. Lett. 98, 136801 (2007). 
 
[17] Tikhonenko, F. V., Kozikov, A. A., Savchenko, A. K. & Gorbachev, R. V. Transition between 
Electron Localization and Antilocalization in Graphene, Phys. Rev. Lett. 103, 226801 (2009). 
 
[18] Chen, J., Qin, H. J., Yang, F., Liu, J., Guan, T., Qu, F. M., Zhang, G. H., Shi, J. R., Xie, X. C., 
Yang, C. L., Wu, K. H., Li, Y. Q. & Lu, L. Gate-Voltage Control of Chemical Potential and Weak 
Antilocalization in Bi2Se3, Phys. Rev. Lett. 105, 176602 (2010). 
 
[19] He, H.-T., Wang, G., Zhang, T., Sou, I.-K., Wong, G. K. L., Wang, J.-N., Lu, H.-Z., Shen, S.-Q., 
& Zhang, F.-C., Impurity Effect on Weak Antilocalization in the Topological Insulator Bi2Te3, Phys. 
Rev. Lett. 106, 166805 (2011). 
 
[20] Bishop, D. J., Dynes, R. C., & Tsui, D. C. Magnetoresistance in Si metal-oxide-semiconductor 
field-effect transitors: Evidence of weak localization and correlation, Phys. Rev. B 26, 773 (1982). 
 
 
 
 
 
 
 
[21] Helmolt, R. v., Wecker, J., Holzapfel, B., Schultz, L. & Samwer, K. Giant negative 
magnetoresistance in perovskitelike La2/3Ba1/3MnOx ferromagnetic films, Phys. Rev. Lett. 71, 2331 
(1993). 
 
[22] Jho, Y.-S. & Kim, K.-S. Interplay between interaction and chiral anomaly: Anisotropy in the 
electrical resistivity of interacting Weyl metals, Phys. Rev. B 87, 205133 (2013). 
 
[23] See our supplementary material. 
 
[24] Xiao, D., Chang, M.-C. & Niu, Q. Berry phase effects on electronic properties, Rev. Mod. Phys. 
82, 1959 (2010). 
 
[25] Nagaosa, N., Sinova, J., Onoda, S., MacDonald, A. H. & Ong, N. P. Anomalous Hall effect, Rev. 
Mod. Phys. 82, 1539 (2010). 
 
[26] Ashcroft, N. W. & Mermin, N. D. Solid State Physics, ch. 13 (Saunders College Publishing, New 
York, 1976).  
 
[27] Kawabata, A. Theory of negative magnetoresistance I. Application to heavily doped 
semiconductors, J. Phys Soc. Jpn. 49, 628 (1980).  
 
[28] Aji, V. Adler-Bell-Jackiw anomaly in Weyl semi-metals: Application to Pyrochlore 
Iridates, Phys. Rev. B 85, 241101 (2012). 
 
[29] Kim, H.-J., Kim, K.-S., Kim, M.-D., Lee, S.-J., Han, J.-W., Ohnishi, A., Kitaura, M., Sasaki, M., 
Kondo, A. & Kindo, K. Sondheimer oscillation as a signature of surface Dirac fermions, Phys. Rev. B 
84, 125144 (2011). 
 
[30] Kim, H.-J., Kim, K.-S., Wang, J.-F., Kulbachinskii, V. A., Ogawa, K., Sasaki, M., Ohnishi, A., 
Kitaura, M., Wu, Y.-Y., Li, L., Yamamoto, I., Azuma, J., & Kamada, M. Topological phase transitions 
driven by magnetic phase transitions in FexBi2Te3 (0≤x≤0.1) single crystals, Phys. Rev. Lett. 110, 
136601 (2013). 
 
Figure captions 
 
 
 
 
 
 
 
Fig. 1 Schematic band structure of Bi1-xSbx near the L point and schematic diagram of the 
experiments in this study. (a) A topological phase transition occurs from a band insulator (x < 3%) to 
a topological insular (x > 3%) around %3≈x , where band touching emerges to form a Dirac cone at 
the L point. Applying magnetic fields to this Dirac metal, the Dirac point described by the four-
component Dirac spinor splits into two Weyl points described by the two-component Weyl spinors 
with opposite chirality. The distance between these two Weyl points is proportional to the applied 
magnetic field. (b) Schematic diagram of the electrical transport measurements. See the text for 
detailed explanation. 
 
 
Fig. 2 Angle-dependent (θ) magnetoresistance (MR) and its scaling property. (a) Angle-dependent 
MR. The experimental configuration is depicted in (c). See the text for detailed explanation. (b) The 
scaling property of MR in the low-field region. The x-axis is the perpendicular field component of B 
cos θ. This x-axis scaling fails to map the MR data of all θs into a single curve, indicating the three-
dimensional nature of the low-field dip in MR. This dip was attributed to the three dimensional weak 
anti-localization. 
 
 
Fig. 3 Transverse and longitudinal magnetoconductances with theoretical fitting. (a) Transverse 
magnetoconductance. The black circles represent the experimental data and the red lines express the 
theoretical fitting, where both weak anti-localization corrections and normal contributions from other 
bands are considered. See the text for detailed explanation. (b) Longitudinal magnetoconductance. The 
overall factor 2BCW  in front of weak anti-localization corrections is the key feature, which originates 
solely from the topological BE ⋅  term in both the quantum Boltzmann equation and the equation of 
motion approaches. This is the fingerprint of the Weyl metallic state. 
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I. ADLER-BELL-JACKIW ANOMALY AND ANALYSIS OF THE EXPERIMEN-
TAL DATA IN THE ULTRA-QUANTUM LIMIT
A. Adler-Bell-Jackiw anomaly
The underlying mechanism for the upturn behavior of the longitudinal magnetoconduc-
tivity is the Adler-Bell-Jackiw anomaly, where the production of Weyl fermions with a given
chirality, saying + chirality, gives rise to the reduction of Weyl fermions with an opposite
chirality, saying − one. This can be translated into a transfer of electrons from one Weyl
point with − chirality to the other Weyl point with + chirality. This dissipationless trans-
port process should be balanced by either intra-node or inter-node (node = Weyl point)
scattering due to impurities in order to reach a steady state. Associated with two types
of scattering processes, one can introduce two time scales, τintra and τinter, where τintra is
the intra-scattering time due to impurities within the same Weyl cone while τinter is that
between two paired Weyl points.
Although we focus on the semi-classical regime without Landau-level quantization, there
are two regimes. The approach based on the semi-classical equations of motion is valid
when µ  ~ωc, where µ is the chemical potential of the system and ωc is the cyclotron
frequency. On the other hand, the quantum regime, which has been discussed intensively
but rather intuitively in Refs. [1–3], emerges in the limit of ωc  1/τtr. Here, τtr =
τintra is the transport time, where the contribution of back scattering is extracted from
the relaxation time. In this quantum regime, one finds τtr = τintra → ∞  τinter that
results from effectively one-dimensional chiral dynamics of electrons due to Landau-level
quantization. In the semi-classical regime, it is natural to assume τintra  τinter because the
inter-node scattering requires finite momentum-transfer [2]. As a result, transport properties
are basically determined by τeff =
τintraτinter
τintra+τinter
≈ τintra in the semi-classical regime while it
is τinter, the short time-scale that governs electrical transport in the quantum regime.
In the semi-classical regime, the longitudinal magnetoconductivity is found to be σ +
const. B2σ, where σ is the Drude conductivity proportional to the intra-node scattering
time τintra. The first term results from relaxation due to intra-node scattering processes and
it exists even without the other Weyl point as expected. On the other hand, the second term
originates from a transfer of electrons from one Weyl point (− chirality) to the other Weyl
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point (+ chirality), where this dissipationless transfer is relaxed by the intra-node scattering,
reaching a steady state. Since a finite momentum-transfer, proportional to the applied
magnetic field, is involved in this transfer process, the B2 contribution appears to enhance
the longitudinal conductivity. In contrast, the condition of τintra → ∞  τinter in the
quantum regime does not allow the intra-node scattering as the case of one-dimensional chiral
fermions. Instead, the transport dynamics is governed by τinter. As a result, the longitudinal
magnetoconductivity is found to be |B|σ′, where σ′ is the conductivity associated with the
inter-node scattering time, τinter [1–3]. There is no Drude-like term in this case and the
linear |B| dependence results from effectively one-dimensional chiral dynamics.
B. Data analysis based on the formula of the ultra-quantum limit
1. Discussion on the ultra-quantum limit
When strong magnetic fields are applied along the z-direction, the electron spectrum is
given by n(pz) = ±v
√
2n(~e/c)B + p2z with n = 0, 1, 2, . . . , where v is the velocity of the
Weyl fermion [1, 2]. In the lowest Landau level identified with n = 0, one obtains 0 = ±vpz,
where + and − denote the right and left chirality of each Weyl point, respectively. The so
called ultra-quantum limit means that both the chemical potential and temperature are less
than the energy gap between the lowest and first Landau levels, i.e., µ, T < ~v/LB, where
LB =
√
~c/eB is the magnetic length [1, 2]. Then, only chiral branches of the spectrum
are occupied. This effectively one-dimensional dynamics (due to significant localization in
the plane arising from strong magnetic fields) enhances the effect of the Adler-Bell-Jackiw
anomaly, because the chirality of the lowest Landau level (ultra-quantum limit) causes the
suppression of intra-Weyl-point scattering, originating from a lack of phase space. This is
essentially the same as the case of one-dimensional chiral fermions. Contributions to the
current from these one-dimensional chiral electrons can be relaxed only by inter-Weyl-points
scattering processes, characterized by τ .
Considering the corresponding semi-classical equations of motion p˙z = eEz − pz/τ and
vz = ±v, Ref. [2] finds
σzz =
τe2v
4pi2~L2B
. (1)
An essential point of this expression is that the conductivity is linearly proportional to the
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applied magnetic field, distinguished from the B2 dependence in the semi-classical regime
without Landau-level quantization. In addition, intra-node (Weyl point) scattering is not
allowed due to the one-dimensional chiral dynamics in the ultra-quantum limit.
2. Data analysis in the ultra-quantum limit
In order to check if our system is in the ultra-quantum limit, we analyzed the experi-
mental data based on the ultra-quantum-limit formula. For fitting, we first replaced the
one-dimensional inter-node scattering time, τinter, with the scattering time associated with
the one-dimensional weak anti-localization correction to reproduce the weak anti-localization
part of the experimental data. We considered the formula of
∣∣∣B∣∣∣σ1D,WAL + σn for the lon-
gitudinal magnetoconductivity, where σ1D,WAL = a/
√
B + σ0 and σn = 1/(AB
2 + ρ0) are
similarly defined as the case of the semi-classical regime. On the other hand, the transverse
magnetoconductivity is quantitatively described by σT1D,WAL + σ
T
n , where σ
T
1D,WAL and σ
T
n
are corresponding quantities for the transverse configuration. We note that no contributions
appear from the Adler-Bell-Jackiw anomaly in the transverse magnetoconductivity. We fit-
ted both the transverse and longitudinal magnetoconductivities based on the above formulae
and carefully observed the values of the fitting parameters for the consistency check.
Fig. S1 displays the experimental transverse magnetoconductivity up to ±1.2 T, fitted
by two theoretical curves in the semi-classical regime [fig. S1(a)] and in the ultra-quantum
limit [fig. S1(b)], respectively. Both theoretical curves simulated the experimental data
quite reasonably, giving the fitting parameters of a = −14.3 Ω−1T−0.5, σ0 = 49.6 Ω−1,
ρ0 = 4.15 × 10−2 Ω, and A = 21.8 Ω T−2 for the semi-classical case and those of a = 4.15
Ω−1T0.5, σ0 = 22.6 Ω−1, ρ0 = 0.077 Ω, and A = 0.037 Ω T−2 for the ultra-quantum limit.
These values will be compared to those of the fitting to the longitudinal magnetoconductivity.
For the longitudinal configuration, the experimental data were fitted by the ultra-
quantum-limit formula of
∣∣∣B∣∣∣σ1D,WAL + σn, modified from the correction of the Adler-Bell-
Jackiw anomaly in the ultra-quantum limit. The fitting result to this formula, presented in
Fig. S2(a), turns out to be quite poor. In this case, the fitting parameters are a = 4.15
Ω−1T0.5, σ0 = 3.67 × 103 Ω−1, ρ0 = 0.0152 Ω, CW = 1.05 × 10−4 T−1, and A ≈ 0 Ω T−2.
In fact, we found that both the weak anti-localization correction and the upturn in the
longitudinal magnetoconductivity cannot be fitted simultaneously as long as both a and A
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FIG. 1: Transverse magnetoconductivity with (a) theoretical fitting to the formula σ3D,WAL + σn
in the semi-classical regime and (b) fitting to the formula σ1D,WAL+σn in the ultra-quantum limit.
are positive as they should be.
We also investigated the possibility that the weak anti-localization correction and the
upturn behavior of the longitudinal magnetoconductivity arise in a separate way, where
the former appears from three-dimensional dynamics of electrons in the presence of the
spin-orbit coupling and the latter comes from the effective one-dimensional chiral dynamics,
respectively. In this case, the conductivity is expressed by σ3D + σn +
∣∣∣B∣∣∣CW , where CW is
associated with the inter-node scattering time. At this moment, we cannot clearly explain
the origin of the three-dimensional weak anti-localization correction. The fitting based on
this formula is presented in Fig. S2(b) with the fitting parameters of a = −13.4 Ω−1T−0.5,
σ0 = 68.9 Ω
−1, ρ0 = 0.165 Ω, CW = 10.2 Ω−1T−1 and A = 43.5 Ω T−2. Compared to the
transverse case, the value of A increases significantly, which cannot be physical, because the
orbital contribution from normal electrons must be absent in the longitudinal measurements.
All analysis support that our system is not near the ultra-quantum limit but in the semi-
classical regime, which is quite in agreement with the band structure of Bi1−xSbx at x ∼ 3
%, where the Fermi level is located far above the Weyl points. Actually, this tendency
associated with the chemical potential is quite consistent with anomalous transport physics
of our previous studies [4].
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FIG. 2: Longitudinal magnetoconductivity with (a) theoretical fitting to the formula,
∣∣∣B∣∣∣σ1D,WAL+
σn and (b) fitting to the formula, σ3D + σn +
∣∣∣B∣∣∣CW .
C. “Reentrant” downturn in the longitudinal magnetoconductivity above B ∼ 4
T
The positive component of the longitudinal magnetoconductivity disappears eventually at
the critical magnetic field of B ∼ 4 T and the magnetoconductivity decreases with increasing
B above 4 T. One possible origin of this “reentrant” downturn of magnetoconductivity can
be found in the “pair-annihilation” scenario, where a magnetic monopole (Weyl point with
+ chiral charge) recombines with an anti-monopole (Weyl point with − chiral charge) to
be annihilated around this particular magnetic field. In fact, considering that the distance
between the Weyl points is given by ∼ 2gB
vD
e
m∗ , where g is the Lande g-factor, vD is the Dirac
velocity at the critical point, e is the charge of an electron, and m∗ is the effective mass of
the charge carrier, the critical magnetic field that corresponds to the largest distance in the
Brillouin zone is estimated to be Bc ∼ pia vD2g m
∗
e
. Inserting the approximate values of vD ∼ 105
m/s and g ∼ 100 for topological insulators of BiSb alloys into this expression, we obtain
Bc ∼ 1 - 10 T , which resides within our experimental range.
However, a cautious person may criticize that it is unrealistic to consider such paired
Weyl points to move all over the whole Brillouin zone away from the L point, because the
band gap is rather large for the wave vectors away from the L point. Although we could
exclude the possibility of Landau-level quantization in the region of weak magnetic fields
associated with the Adler-Bell-Jackiw anomaly, it is difficult to exclude the possibility for the
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formation of Landau levels, increasing magnetic fields to reach the ”intermediate” region for
the reentrant downturn behavior. Indeed, Shubnikov-de Haas oscillations seem start right
at the downturn field. We are suspecting that dominant contributions from higher Landau
levels may cause this downturn behavior of magnetoconductivity in the intermediate region
of magnetic fields. More concretely, it is natural to expect that the ultra-quantum limit is
difficult to be achieved even in the region of such intermediate magnetic fields, because our
samples are in the semi-classical regime originally, and thus higher Landau levels would be
filled. Then, localization contributions may be dominant from higher Landau levels.
We believe that no theoretical studies have been performed for this crossover regime yet.
This problem on the crossover regime is beyond the scope of the present investigation, which
needs to be examined more sincerely near future both experimentally and theoretically.
II. A FORMAL DEVELOPMENT OF THE QUANTUM BOLTZMANN EQUA-
TION IN THE PRESENCE OF THE TOPOLOGICAL E ·B TERM
A. Quantum Boltzmann equation
We start from the quantum Boltzmann equation for a steady state [5]
p˙ · ∂G
<(p, ω)
∂p
+ r˙ · p˙∂G
<(p, ω)
∂ω
− p˙ ·
{∂Σ<(p, ω)
∂ω
∂<Gret(p, ω)
∂p
− ∂<Gret(p, ω)
∂ω
∂Σ<(p, ω)
∂p
}
= −2Γ(p, ω)G<(p, ω) + Σ<(p, ω)A(p, ω). (2)
G<(p, ω) is the lesser Green’s function, regarded as a quantum distribution function, where
p and ω represent momentum and frequency for relative coordinates, respectively. O˙ denotes
the derivative with respect to time t. Σ<(p, ω) and Gret(p, ω) indicate the lesser self-energy
and the retarded Green’s function, respectively, where < is their real part. The right hand
side introduces collision terms, where Γ(p, ω) and A(p, ω) indicate the scattering rate and
the spectral function.
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B. Semi-classical equations of motion
r and p are governed by semi-classical equations of motion [6], given by
r˙ =
∂p
∂p
+ p˙×Ωp,
p˙ = eE +
e
c
r˙ ×B, (3)
where Ωp represents the Berry curvature of the momentum space. Solving these equations,
one obtains
r˙ =
(
1 +
e
c
B ·Ωp
)−1{
vp + eE ×Ωp + e
c
Ωp · vpB
}
,
p˙ =
(
1 +
e
c
B ·Ωp
)−1{
eE +
e
c
vp ×B + e
2
c
(E ·B)Ωp
}
. (4)
An essential point is the presence of the E ·B term in the second equation, imposing the
Adler-Bell-Jackiw anomaly [2].
A cautious person may ask how these semi-classical equations reflect dynamics of Weyl
electrons in three dimensions because the equation of p˙ seems to apply to generic systems
with non-zero Berry curvature, and not limited to Weyl metallic phases. Generally speaking,
we have Ωp = Ω−p in systems of time reversal symmetry while we get Ωp = −Ω−p in
centro-symmetric systems [2]. As a result, we cannot avoid to reach the conclusion Ωp = 0
when systems contain both time reversal and inversion symmetries. Since the Dirac system
contains both time reversal and inversion symmetries, we reach the conclusion that the Berry
curvature vanishes, inevitably.
More mathematically speaking, the Berry curvature is given by the so called chiral charge,
regarded as a topological charge (invariant). The Dirac band has both + (right) and − (left)
chiral charges, and their sum give zero, corresponding to the vanishing Berry curvature. In
other words, a magnetic monopole with + charge exists together with that with − charge at
the same momentum point, which does not allow a non-zero Berry curvature. On the other
hand, each Weyl point is characterized by each chiral charge, either + or −, which should
appear in a pair. As a result, each Weyl point, identified with a magnetic monopole of its
corresponding charge, gives rise to a non-zero Berry curvature.
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C. Self-energy correction from intra-node scattering
Inserting these equations into the quantum Boltzmann equation and performing some
algebra, we obtain the following expression(
1 +
e
c
B ·Ωp
)−1 e
c
vp ·
(
B × ∂G
<
∂p
)
+
(
1 +
e
c
B ·Ωp
)−2(e
c
vp ×B
)
· (eE ×Ωp)∂G
<
∂ω
−[A(p, ω)]2
(
−∂f(ω)
∂ω
)(
1 +
e
c
B ·Ωp
)−2{
eE +
e2
c
(E ·B)Ωp
}
·
{
vp +
e
c
(Ωp · vp)B
}
Γ
= −i[2ΓG< − Σ<A], (5)
where the argument of (p, ω) is omitted for simplicity.
The lesser self-energy is given by
Σ<(p, ω) =
∑
q
∫ ∞
0
dν
∣∣∣p× qˆ
m
∣∣∣2=Da(q, ν){[n(ν) + 1]G<(p+ q, ω + ν) + n(ν)G<(p+ q, ω − ν)}.
(6)
Here, we consider gauge interactions [7] for example. Thus, Da(q, ν) represents the Green
function of gauge fluctuations. n(ν) is the Bose-Einstein distribution function. One can
replace the gauge-boson propagator with some other types of fluctuations such as phonons,
spin fluctuations, and etc. One may consider the diffusion-mode propagator for weak anti-
localization in the presence of spin-orbit coupling, where the form of its vertex should be
changed, of course. Although this disorder scattering will be most relevant in the present
problem, the precise form of the lesser self-energy is not important for our derivation.
D. Ansatz for the lesser Green’s function
We write down the lesser Green’s function in the following way [7]
G<(p, ω) = if(ω)A(p, ω) + i
(
−∂f(ω)
∂ω
)
A(p, ω)vp · Λ(p, ω), (7)
which consists of the equilibrium part (the first term) and its correction term (the second
term). We call Λ(p, ω) “vertex distribution-function” although it sounds somewhat confus-
ing. f(ω) is the Fermi-Dirac distribution function.
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E. Scattering rate
Inserting this ansatz into the quantum Boltzmann equation with the expression of the
lesser self-energy and performing some straightforward algebra, we obtain
i
(
1 +
e
c
B ·Ωp
)−1 e
mc
vp ·
(
B × ∂pα
∂p
)
Λα(p, ω)− i
(
1 +
e
c
B ·Ωp
)−2(e
c
vp ×B
)
· (eE ×Ωp)
−A(p, ω)
(
1 +
e
c
B ·Ωp
)−2{
eE +
e2
c
(E ·B)Ωp
}
·
{
vp +
e
c
(Ωp · vp)B
}
Γ(p, ω)
= 2Γ(p, ω)vp · Λ(p, ω)−
∑
q
∫ ∞
0
dν
∣∣∣p× qˆ
m
∣∣∣2=Da(q, ν)
×
{
[n(ν) + f(ω + ν)]A(p+ q, ω + ν)vp+q · Λ(p+ q, ω + ν)
−[n(−ν) + f(ω − ν)]A(p+ q, ω − ν)vp+q · Λ(p+ q, ω − ν)
}
, (8)
where we have used the following relation
2Γ(p, ω) =
∑
q
∫ ∞
0
dν
∣∣∣p× qˆ
m
∣∣∣2=Da(q, ν){[n(ν) + f(ω + ν)]A(p+ q, ω + ν)
−[n(−ν) + f(ω − ν)]A(p+ q, ω − ν)
}
. (9)
F. Vertex distribution-function
Writing down the quantum Boltzmann equation in terms of components and focusing on
dynamics near the Fermi surface, we reach the following expression for each component,
ΛxF (ω)
τtr(ω)
+ i
(
1 +
e
c
B ·ΩF
)−1 eBz
mc
ΛyF (ω)− i
(
1 +
e
c
B ·ΩF
)−1 eBy
mc
ΛzF (ω)
= −i
(
1 +
e
c
B ·ΩF
)−2{e
c
By(eE ×ΩF )z − e
c
Bz(eE ×ΩF )y
}
−A(pF , ω)Γ(pF , ω)
(
1 +
e
c
B ·ΩF
)−2{
eEx +
e2
c
(E ·B)ΩxF +
e2
c
(
1 +
e
c
B ·ΩF
)
(E ·B)ΩxF
}
,
(10)
ΛyF (ω)
τtr(ω)
− i
(
1 +
e
c
B ·ΩF
)−1 eBz
mc
ΛxF (ω) + i
(
1 +
e
c
B ·ΩF
)−1 eBx
mc
ΛzF (ω)
= −i
(
1 +
e
c
B ·ΩF
)−2{
−e
c
Bx(eE ×ΩF )z + e
c
Bz(eE ×ΩF )x
}
−A(pF , ω)Γ(pF , ω)
(
1 +
e
c
B ·ΩF
)−2{
eEy +
e2
c
(E ·B)ΩyF +
e2
c
(
1 +
e
c
B ·ΩF
)
(E ·B)ΩyF
}
,
(11)
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and
ΛzF (ω)
τtr(ω)
+ i
(
1 +
e
c
B ·ΩF
)−1 eBy
mc
ΛxF (ω)− i
(
1 +
e
c
B ·ΩF
)−1 eBx
mc
ΛyF (ω)
= −i
(
1 +
e
c
B ·ΩF
)−2{
−e
c
By(eE ×ΩF )x + e
c
Bx(eE ×ΩF )y
}
−A(pF , ω)Γ(pF , ω)
(
1 +
e
c
B ·ΩF
)−2{
eEz +
e2
c
(E ·B)ΩzF +
e2
c
(
1 +
e
c
B ·ΩF
)
(E ·B)ΩzF
}
,
(12)
where the transport time is given by
1
τtr(ω)
=
∑
q
∫ ∞
0
dν
∣∣∣pF × qˆ
m
∣∣∣2=Da(q, ν)(1− cos θ){[n(ν) + f(ω + ν)]A(pF + q, ω + ν)
−[n(−ν) + f(ω − ν)]A(pF + q, ω − ν)
}
. (13)
We note the 1− cos θ factor in this expression, which extracts out back scattering contribu-
tions.
III. CURRENT FORMULATION
It is natural to define a current in the following way [2]
J = −e 1
β
∑
iω
∫
d3p
(2pi~)3
(
1 +
e
c
B ·Ωp
)−1{
vp + eE ×Ωp + e
c
(Ωp · vp)B
}
[−iG<(p, iω)].
(14)
We note the r˙ term in the integral expression.
Inserting the ansatz for the lesser Green’s function into the above expression, we obtain
J = −e2 1
β
∑
iω
∫
d3p
(2pi~)3
(
1 +
e
c
B ·Ωp
)−1
(E ×Ωp)f(ω)A(p, ω)
−e 1
β
∑
iω
∫
d3p
(2pi~)3
(
1 +
e
c
B ·Ωp
)−1{
vp +
e
c
(Ωp · vp)B
}(
−∂f(ω)
∂ω
)
A(p, ω)vp · Λ(p, ω).
(15)
28
Then, the x−component is given by
Jx = −e2 1
β
∑
iω
∫
d3p
(2pi~)3
(
1 +
e
c
B ·Ωp
)−1
(EyΩ
z
p − EzΩyp)f(ω)A(p, ω)
−e 1
β
∑
iω
∫
d3p
(2pi~)3
(
1 +
e
c
B ·Ωp
)−1
(vxF )
2
(
−∂f(ω)
∂ω
)
A(p, ω)Λx(p, ω)
−e 1
β
∑
iω
∫
d3p
(2pi~)3
(
1 +
e
c
B ·Ωp
)−1 e
c
Bx
{
(vxp)
2ΩxpΛx(p, ω) + (v
y
p)
2ΩypΛy(p, ω)
+(vzp)
2ΩzpΛz(p, ω)
}(
−∂f(ω)
∂ω
)
A(p, ω). (16)
IV. ANOMALOUS TRANSPORT PHENOMENA
A. B = Bzzˆ and E = Exxˆ
Solving the quantum Boltzmann equation in the conventional setup of B = Bzzˆ and
E = Exxˆ, we find
ΛxF (ω) ≈ −e
A(pF , ω)
τtr(ω)
τsc(ω)
Ex(
1 + e
c
BzΩzF
)2
+ [ωzc τtr(ω)]
2
− me
1 + e
c
BzΩzF
ΩzF [ω
z
c τtr(ω)]
2Ex(
1 + e
c
BzΩzF
)2
+ [ωzc τtr(ω)]
2
(17)
and
ΛyF (ω) =
e
1 + e
c
BzΩzF
A(pF , ω)
τtr(ω)
τsc(ω)
[ωzc τtr(ω)]Ex(
1 + e
c
BzΩzF
)2
+ [ωzc τtr(ω)]
2
−me Ω
z
F [ω
z
c τtr(ω)]Ex(
1 + e
c
BzΩzF
)2
+ [ωzc τtr(ω)]
2
(18)
with
ΛzF (ω)
τtr(ω)
= 0. (19)
Here, we replaced Γ(pF , ω) with
1
τsc(ω)
. ωzc =
eBz
mc
is the cyclotron frequency.
Inserting the vertex distribution-functions into the current formula, we obtain
Jx ≈ e2NF 1
β
∑
iω
∫ ∞
−∞
d
∫ 1
−1
d cos θ
∫ 2pi
0
dφ(vxF )
2
(
−∂f(ω)
∂ω
)
[AF (, ω)]
2
τtr(ω)
τsc(ω)
1 + [ωzc τtr(ω)]
2
Ex
+
e4
c2
NF
1
β
∑
iω
∫ ∞
−∞
d
∫ 1
−1
d cos θ
∫ 2pi
0
dφ(vxF )
2(ΩzF )
2
(
−∂f(ω)
∂ω
)
[AF (, ω)]
2
τtr(ω)
τsc(ω)
1 + [ωzc τtr(ω)]
2
B2zEx
−2me
3
c
NF
1
β
∑
iω
∫ ∞
−∞
d
∫ 1
−1
d cos θ
∫ 2pi
0
dφ(vxF )
2(ΩzF )
2
(
−∂f(ω)
∂ω
)
AF (, ω)
[ωzc τtr(ω)]
2
1 + [ωzc τtr(ω)]
2
BzEx.
(20)
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Here, we performed an expansion for the Berry curvature up to the second order since
the integration in the momentum space for the Berry curvature vanishes when the integral
expression contains an odd power for the Berry curvature. Recall that the integral value is
given by either +1 or −1, which depends on the chirality of the Weyl point [2]. NF is the
density of states, determined by the chemical potential.
The above expression becomes more simplified as follows
Jx = Ce2NFv2F
τtr(T )
1 + [ωzc τtr(T )]
2
Ex + C ′ e
4
c2
NFv
2
F
τtr(T )
1 + [ωzc τtr(T )]
2
B2zEx
−C˜me
3
c
NFv
2
F
[ωzc τtr(T )]
2τsc(T )
1 + [ωzc τtr(T )]
2
BzEx, (21)
where C, C ′, and C˜ are given by integrals of momentum and frequency for the spectral
function. The first term is the conventional contribution for the magnetoconductivity. On
the other hand, other two terms result from the Berry curvature.
In summary, the magnetoconductivity is
σL(Bz, T ) = Ce2NFv2F
τtr(T )
1 + [ωzc τtr(T )]
2
+ C ′ e
4
c2
NFv
2
F
τtr(T )
1 + [ωzc τtr(T )]
2
B2z
−C˜me
3
c
NFv
2
F
[ωzc τtr(T )]
2τsc(T )
1 + [ωzc τtr(T )]
2
Bz. (22)
B. B = Bxxˆ and E = Exxˆ
Solving the quantum Boltzmann equation in the unconventional setup of B = Bxxˆ and
E = Exxˆ, we find
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Ex, (23)
ΛyF (ω) = me
ωxc τtr(ω)(
1 + e
c
BxΩxF
)2
+ [ωxc τtr(ω)]
2
(
−ΩzF + ΩyF
ωxc τtr(ω)
1 + e
c
BxΩxF
)
Ex
−A(pF , ω)
τtr(ω)
τsc(ω)(
1 + e
c
BxΩxF
)2
+ [ωxc τtr(ω)]
2
{e2
c
+
e2
c
(
1 +
e
c
BxΩ
x
F
)}(
ΩyF + Ω
z
F
ωxc τtr(ω)
1 + e
c
BxΩxF
)
ExBx,
(24)
30
and
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where ωxc =
eBx
mc
is the “cyclotron” frequency associated with the Bx field. We notice that
there are E ·B = ExBx terms, which are topological in their origin.
Inserting these vertex distribution-functions into the current formula, we obtain a rather
complicated expression for the x− component of the current,
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Expanding the above expression up to the second order for the Berry curvature, we obtain
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The first term is also the conventional contribution near the Fermi surface, but there is
no dependence for magnetic fields. This is certainly expected because the magnetic field
is in the same direction as the electric field. On the other hand, the second contribution
originates from the topological E ·B term. The third term is also anomalous, which results
from the Berry curvature but not from the E ·B term.
In summary, the “longitudinal” magnetoconductivity is
σL(Bx, T ) = CNF e2v2F τtr(T ) + 2C ′
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2
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2
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C. Discussion
In order to compare the expression of the “longitudinal” magnetoconductivity with that
used in our fitting for the experimental data, we rewrite the above expression as follows [8]
σL(Bx, T ) = (1 + CWB2x)σn(T ), (29)
where σn(T ) = CNF e2v2F τtr(T ) is the normal conductivity and CW = 2(C ′/C)(e2/c2) is a
positive constant. Fitting to our experimental data, we replace this normal contribution with
the conductivity that contains weak-antilocalization corrections, named as σWAL(Bx, T ). In
addition, we introduce another normal conductivity, denoted by σn(T ), which originates
from other bands at the chemical potential. Although we use the same symbol as the
above, do not confuse the apparent difference. As a result, we propose the “longitudinal”
magnetoconductivity in the presence of the weak-antilocalization correction as follows
σL(Bx, T ) = (1 + CWB2x)σWAL(Bx, T ) + σn(T ), (30)
32
where the overall factor CWB2x is purely topological in its origin. Actually, what we have done
in this supplementary material is to derive this overall factor. In the conventional setup with
B = Bzzˆ and E = Exxˆ, we suggest σL(Bz, T ) = σWAL(Bz, T ) +σn(Bz, T ), where σn(Bz, T )
results from other bands. This expression turns out to reproduce the experimental data
even quantitatively well.
V. PHYSICAL INTERPRETATION FOR ANISOTROPIC TRANSPORT COEF-
FICIENTS
Although anisotropic transport coefficients in the longitudinal configuration (B = Bxxˆ
and E = Exxˆ) have been investigated based on the quantum Boltzmann equation approach
with the introduction of the Adler-Bell-Jackiw anomaly via the semi-classical equations of
motion, technical complexity of this methodology does not allow us to have an intuitive
physical picture for anomalous behaviors in such transport coefficients. In this respect it is
necessary to confirm physics of the Adler-Bell-Jackiw anomaly based on a simpler framework.
In this subsection we rederive such anomalous transport coefficients, resorting to the semi-
classical equations of motion only. This approach is basically the same as that for the Hall
effect (via the Lorentz force) in the elemetary solid-state physics, except for the introduction
of the topological θ− term and the contribution from the Berry curvature.
We start from the solution of the semi-classical equations of motion
p˙ =
(
1 +
e
c
B ·Ωp
)−1{
eE +
e
mc
p×B + e
2
c
(E ·B)Ωp
}
= −p
τ
, (31)
where the momentum of an electron wave-packet is relaxed after the mean-free time τ .
Here, τ = τintraτinter/(τintra + τinter) ∼ τintra in the semi-classical regime of τintra  τinter,
where τintra(inter) is the mean-free time associated with intra- (inter-) node scattering due to
impurities [2].
Solving this equation of motion to obtain the momentum as a function of both electric
and magnetic fields, we find the corresponding electrical current, given by
J = ner˙ = ne
(
1 +
e
c
B ·Ωp
)−1{ p
m
+ eE ×Ωp + e
mc
(Ωp · p)B
}
, (32)
where the other solution for the semi-classical equations of motion is utilized. It is straight-
forward to obtain transport coefficients from this expression. It is essential to notice that
33
there are two more contributions for electric currents than the conventional momentum-
proportional term, which turn out to be nonzero only when the Berry curvature exists. In
particular, the last term proportional to the applied magnetic field gives rise to anomalous
contributions for the unconventional Hall coefficients, here the longitudinal Hall resistivity,
where the topological E ·B term in the solution of the momentum plays an important role.
When electric fields are applied in parallel with magnetic fields, saying the x−direction,
the semiclassical equation of motion for the momentum is expressed as follows by each
component,
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where ωxc =
eBx
mc
is the cyclotron frequency for the x−directional magnetic field.
In order to obtain the Hall coefficient, we introduce the following condition
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from the definition of the current, resulting in
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Two coupled equations for py and pz give the information on the Hall voltage with the
use of the condition for the Hall coefficient,
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Considering the definition of the Hall coefficient, Ey = ρyx(Bx)Jx, we introduce an electric
current of the x−direction,
Jx = ne
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. (38)
Solving the equations of motion, we obtain
px = −eτEx, (39)
pz = eτ
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Inserting these solutions with the condition Ey(Ex, Bx) for the Hall coefficient into the
expression of the x−directional current, we find the longitudinal magnetoconductivity
σL(Bx) =
{
1 +
e2
c2
Ωz2p(
1 + e
c
BxΩxp
)2B2x}σ − ne2 ec ΩzpΩyp1 + e
c
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Bx − σe
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)2Bx,
(41)
where σ = ne
2τ
m
is the dc Drude conductivity. Experimentally, we symmetrize this transport
coefficient and obtain
σLexp(Bx) =
σL(Bx) + σL(−Bx)
2
≈
(
1 +
e2
c2
B2x
)
σ, (42)
essentially the same as the expression from the quantum Boltzmann equation approach. It
is easy to observe that the B2x term results from the E ·B term from this equation of motion
approach. In spite of this consistency, we would like to point out that the coefficient CW in
Eq. (29) does not appear in this much simplified treatment.
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